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a function of . It is seen that the statistics of this system
are complex, but intuitively an inequality is clear: for a
given molecular weight and cross-link number g,,p40m <
gquasl random = &ri ring weighted*

Finally, the fundamental difference between these types
of intramolecular cross-linking is exemplified by the nat-
ural variables for each process. The ring-weighted con-
traction factor is a universal function of the cross-link
density, the random contraction factor is a universal
function of the cross-link number, and the quasi-random
g is a complex function of the cross-link number and the
molecular weight. With the effects of excluded volume
added, it should be mentioned that contraction in di-
mensions always depends on both the molecular weight
and the cross-link number, regardless of the type of
cross-linking employed.
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Scaling Picture for Polymer Melt Rheology: A Critique of the

Curtiss—Bird Model
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ABSTRACT: The reptation concept of de Gennes has recently been combined with kinetic theory and
incorporated into a new model of polymer melt rheology by Curtiss and Bird (CB). We discuss the structure
of this model by regarding it as an extension of dilute solution theory to concentrated systems. We examine
the linear viscoelastic predictions of the CB model by carrying out detailed calculations of the storage and
loss modulus curves and comparing them with experimental data for polystyrene. We discuss in depth the
modified form of Stokes’ law and introduce a scaling picture of the CB model chain. Using this scaling picture,
we argue that the only value of the link tension coefficient ¢ consistent with both the internal subchain structure
and the bead-rod configuration of the model chain is ¢ = 0. Our interpretation of kinetic theory in concentrated
polymer systems strongly suggests applying the reptational constraint to a scaling picture with Rouse-like

chains.

1. Introduction

Viscoelastic properties of high-polymer melts have ac-
quired renewed interest and a very interesting perspective
in the recent development by Curtiss and Bird! (CB) and
by Doi and Edwards? (DE) of microscopic theories of
rheology which incorporate the reptation idea of de Gen-

0024-9297/83/2216-1358$01.50/0

nes.? Prior to the development of these models, concen-
trated polymeric systems have resisted theoretical analysis
due to the difficult problem of entanglement effects.
The reptation model provides a key to the study of
concentrated polymers since it describes these effects in
a simple and fundamental way. In essence it uses Edwards’
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earlier concept? that entanglement constraints act effec-
tively as an open-ended confining tube that surrounds any
given macromolecular chain along its average contour, and
then asserts that the chain diffuses in a one-dimensional
manner, although it is free to seek new three-dimensional
configurations.

Using this picture, de Gennes?® analyzed the dynamics
of reptation for the special case of a single chain reptating
inside a three-dimensional network of fixed obstacles.
However, the real polymer melt consists of many inter-
acting and mobile chains, and thus it is not surprising that
the reptation model in its original form is questioned by
comparison with experimental data. For linear homo-
polymers the zero-shear viscosity, », appears to increase
with molecular weight according to the celebrated® em-
pirical power law 5 = M34, in disagreement with the ex-
ponent of 3 predicted by de Gennes’ discussion. In ad-
dition to mechanisms of tube constraint relaxation,”® al-
ternate explantations for this discrepancy have been ad-
vanced.®1? Polydispersity effects have also been pro-
posed,'112 but after careful analysis we have found!? they
do not resolve the discrepancy in the form suggested.

The simplicity of the reptation concept and the notion
of its fundamental correctness strongly motivate further
study and development, especially through its inclusion
in detailed molecular theories of rheology for entangled
polymeric systems. At present, Doi and Edwards? have
constructed a stochastic model of reptating chains, while
Curtiss and Bird! (CB) have applied the phase—space ki-
netic theory'#!® to this problem. Unfortunately, both
theories remain mean field theories with respect to en-
tanglement effects, and neither considers modifications to
the original reptation picture arising from motions of the
constraint-producing chains. However, each model directly
incorporates the effects of reptation in the detailed pre-
diction of rheological functions.

This paper focuses on the Curtiss—Bird model. In sec-
tion 2 we discuss its structure and physical assumptions.
By viewing the CB model as an extension of the concepts
of dilute solution theory to concentrated systems, we give
a critical examination of the modified Stokes’ law em-
ployed by Curtiss and Bird and comment on the link
tension coefficient and the chain constraint exponent. Our
analysis is guided by our interpretation of the CB model
chain as a thinned-out version of the real chain. In section
3 we discuss rheological properties and numerically cal-
culate the theoretical storage and loss modulus curves. The
CB formulas for the plateau modulus and the characteristic
relaxation time are rewritten in terms of the intrinsic
properties of the real chain and the scale factor used in
reducing this chain. Subsequently, the CB model is com-
pared with existing rheological data on melt polystyrene
in section 4, and the values of the parameters determined
by this data are presented and discussed.

2. Physical Assumptions of the Curtiss-Bird
Model

The starting point for the Curtiss—Bird model is the
phase—space kinetic theory for macromolecular liquids.}415
This theory provides a rigorous derivation of the fluid
equations of motion and yields explicit expressions for
hydrodynamic quantities in terms of molecular interactions
and distribution functions. The CB model applies the
phase—space kinetic theory to the special case in which the
polymer molecule is idealized as a freely jointed bead-rod
chain with a fixed bead separation or rod length a.

In view of the mathematical complexity underlying the
CB model, it is very instructive to compare it with the more
familiar model of Rouse.’® This is possible because the
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phase—space kinetic theory contains the Rouse model as
a special case and because both models utilize similar
concepts. In particular, each model works with a chain of
beads and operates in a single-chain configuration space
of internal bead coordinates @. A diffusion equation de-
scribes the time evolution of the configuration space dis-
tribution function ¥(Q,t) in the presence of a specified flow
field v(r,t). Since the Rouse model describes isolated
chains immersed in a solvent, the velocity field is provided
by the solvent molecules. In the CB model it is provided
by the bulk flow of background chains. The diffusion
equation is obtained by using the continuity equation,
which has the schematic form

3y + 9((@)Y) =0 (2.1)

and eliminating (@), the configuration space flow, by
means of a force equation that balances Brownian forces
with intermolecular forces, neglecting transient accelera-
tion terms:

FBrownian + Fintermolecular =0 (22)

Apart from the connection of adjacent beads and the as-
sumption of ideal chains, intramolecular forces are ne-
glected in each model. The Brownian force expresses the
tendency of the internal coordinates to flow in the direction
where the molecular configuration is the most probable
one and involves spatial derivatives of the configuration
space distribution function. The intermolecular force
contains (@) because it is approximated by Stokes’ law,
which is a mean field treatment of the interaction of the
average chain with its environment. This represents the
viscous drag between the molecule and the background
flow, provided by the solvent in the Rouse case and by the
neighboring chains in the CB model. In both models, this
force is directed at the beads of the chain.

(a) Stokes’ Law Assumption. Although both the
Rouse and the CB models employ Stokes’ law, there are
important modifications in the treatment of intermolecular
forces. One feature is a modified Stokes’ law, implying that
the drag force on an individual bead no longer has the
standard isotropic form employed in the Rouse model,
namely

= =¢[(#;) - v(r;t)] (2.3)

where F, g1, 18 the Stokes’ drag experienced by the ith
bead, { is a phenomenological scalar friction coefficient,
r; is the bead position, and (¥;) is its average velocity.
Instead, the CB form has an additional contribution de-
termined by the positions and motions of the other beads
in the chain. This is more clearly seen by working with
AFgi01ep defined as the difference in the frictional forces
on a pair of adjacent beads, connected by the vector x and
located in a flow field of uniform velocity gradient «. In
the Rouse model, eq 2.3 yields

(AFStokes)Rouse = —{{(x) — kx] (2.4)

Curtiss and Bird modify this by using a nonisotropic
friction coefficient depending on the orientation of the rod
that connects the pair of beads. It is given in tensor form
by

(Fi,Stokes) Rouse

¢(u) = {6 - (1 - e)uu] (2.5)

where 8 is the unit tensor, u = x/a is the unit vector
describing the link orientation, and ¢ is the link tension
coefficient, to be discussed below. The relative Stokes’
force is then defined by

(AFStokes)CB = _Nﬁf(u)'[“:l) - k-ula (2.6)
Note that in the CB model the separation between beads



1360 Bernard and Noolandi

is fixed, so the average relative bead velocity reduces to
(X) =a(a).

The additional factor N° appearing in eq 2.6 represents
a postulated enhancement of the scalar part of the friction
coefficient per bead for long chains due to the presence
of an entanglement newwork, the chain constraint expo-
nent 3 being positive but unknown. We view this factor
as an attempt to account in the context of the mean field
approximation for many-body effects occurring when a
bead rubs against a medium whose components are
strongly interacting. In polymer melts, the medium con-
sists of monomers belonging to flexible chains forming an
entanglement network, and the effective interaction should
depend on the degree of entanglement, which increases
with N. Since the beads must drag part of the network,
rather than just its individual components, the phenom-
enon is roughly analogous to the Méssbauer effect.!” This
contrasts completely with the Rouse model, where the
macromolecules are immersed in a medium consisting of
low molecular weight solvent.

It is also important to understand the parameter
contained in the CB form of Stokes’ law because it has a
significant effect on rheological predictions, as we show in
section 3 (see Figure 2). To discuss ¢, we assert that the
N-bead model chain employed in the CB model should be
regarded as a thinned-out version of the real chain, in
which degrees of freedom are hidden between each adja-
cent pair of beads in the form of a submolecule or blob
consisting of real monomers, ¢ in number. This scheme
is supported for the CB model by our comparison with
linear viscoelastic data, where in the specific case of
polystyrene we fit the plateau storage modulus, which is
independent of ¢, and find the blob size to be ¢ ~ 36
monomers per subchain (see section 4).

In addition, by analyzing the effects of subchain struc-
ture in the CB model, we find that the only value of
consistent with the bead-rod configuration of the model
chain is ¢ = 0. The modified form of Stokes’ law implies
that the net axial component of the relative Stokes’ drag
for adjacent beads is proportional to €

u'(AFStokes)CB x € 2.7

Here, u = x/a is the unit vector describing the link ori-
entation. Thus e is the link tension coefficient: when ¢
= 0, the forces of constraint vanish. But for nonzero ¢,
nonvanishing and variable constraint forces are needed to
maintain the fixed interbead separation. However, this
is incompatible with the available internal force provided
by Brownian motion within the subchain, since this force
must be fixed given fixed subchain size and subchain
equilibrium. Moreover, the equilibrium properties of
Rouse-like subchains imply that the available link tension
vanishes.

However, ¢ = 0 implies a nonisotropic form of Stokes’
law since anisotropy in the CB friction coefficient is de-
termined by the quantity 1-e. The tensor friction coef-
ficient of eq 2.5 modifies the relative drag force on the end
beads of each rod from the form used in the Rouse model
(see eq 2.4) by adding an extra component along the axis
of the rod, giving

(AFStokes)CB = NS(AFStokes)Rouse + (€ - l)u(Nﬂfau'K'u) )
2.8

In contrast to the chain constraint exponent 3, we find this
difficult to justify. It is not clear how the second term in
eq 2.8 accounts for entanglement or tube constraint effects
since it vanishes when the velocity gradient « is zero.
(b) Scaling Picture. A scaling approach is useful for
a discussion of the CB model because it implies that the
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parameters N, m, a, and { characterizing the reduced chain
scale in proportion to those of the real chain. Since each
submolecule or blob consists of ¢ real monomers, the
molecular weight of each bead must be

m = gqm, (2.9)

where m, is the monomer molecular weight. Similarly, the
number N of beads or blobs is related to the number N,
of monomers in the real chain by

N=N,/q (2.10)

Additionally, chains in the melt state are ideal,>'8 so for
sufficiently large g the conformational statistics of each
submolecule will be Gaussian. Consequently, the interbead
separation, taken to be the root-mean-square size of a blob
in equilibrium, is

a = a,q'/? (2.11)

where a, is the effective size of a monomer in the melt.
Since the frictional properties of the beads are ultimately
determined by those of the blobs they simulate, it is also
reasonable to assume that the net frictional drag on a bead
is obtained by adding the contribution of each consituent
monomer. This is expressed by

§ =48, (2.12)

where ¢, is the friction coefficient of each monomer in the
melt. In each of these equations the sole parameter de-
termining the reduction of the real chain is the number
of monomers per submolecule, q.

As an example of the usefulness of the scaling picture,
we estimate the characteristic blob relaxation time 7y,
regarding the blob as a miniature Rouse chain of mass m
and using the lifetime of the slowest Rouse mode. The
Rouse expression for the relaxation time of the nth mode
in a chain consisting of N subchains is'®

7, =~ (a’N?/6x%kTn? (2.13)

If we define the g-independent or intrinsic measure of the
friction coefficient as

v =¢a?/m? = {,a,2/m}? (2.14)

we can cast eq 2.13 in a form that is manifestly inde-
pendent of the choice of subchain size. Using mN = m, N,
= M, where M is the molecular weight of the overall chain,
eq 2.14 becomes

7, =~ YM?/6x2kTn? (2.15)

This shows explicitly that the Rouse model has the de-
sirable property that the longest relaxation time 7, is in-
dependent of the subchain size and depends only on the
intrinsic properties of the real chain. We finally obtain
Thiob DY replacing M by the blob mass m in the expression
for r:

Toiob = YM?/67?kT (2.16)

from which we can show that at low frequencies the CB
model is consistent with local equilibrium of subchains.

3. Linear Viscoelasticity in the Curtiss-Bird
Model

We now discuss the linear viscoelastic behavior predicted
for polymer melts by the CB model. This is contained in
the lowest order rheological equation of state, which is the
linearized version of the relation derived between stress,
7, and strain rate ¥. It expresses the time-dependent
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Table I
Microscopic Expressions for the Plateau Modulus G°y and
the Characteristic Relaxation Time 7 in the Doi~-Edwards?
and Curtiss-Bird' Models?®

Curtiss-Bird Doi-Edwards

G  (1/BWwNET (4/5)wNET
(1/5) (o RT/my)q™! (4/5)(eRT/my)q™!
N3+{3§az N? §a2
7 20k T kT
MeB(gmy, y By M (gmy )y
2n2kT n2kT

¢ The original form is given, followed by the rewritten
version based on the scaling picture of the model chain,
with ¢ = subchain size and v = intrinsic friction coefficient
(see section 2).

memory effects present in viscoelastic systems and takes
the well-known general form!®

o =- :G(t — 8)¥(s) ds (3.1)

The response function G(t) contains the linear viscoelastic
behavior and is called the relaxation modulus.

In discussing the form of G(t) predicted by the CB
model, there are two independent considerations: the
shape and the scaling. This follows because the structure
of the model relaxation spectrum is universal, allowing G(¢)
to be written in the dimensionless form

G(t) = G%gr() (3.2)

The variable f = t/7 represents time in units of a charac-
teristic relaxation time 7. The scale of the modulus is set
by G, identified as the plateau storage modulus. The
shape is contained in the reduced modulus gg(f), defined
by eq A.1 in Appendix A. We first consider the scaling
variables G% and 7.

Our earlier claim that the N-bead model chain employed
by Curtiss and Bird should be interpreted as a thinned-out
version of the real chain (see section 2) implies that the
scaling variables G° and 7 determine the subchain size
q and the intrinsic friction coefficient v. This is not im-
mediately obvious because G and 7 are expressed by
Curtiss and Bird in terms of the parameters N, a, and ¢
that characterize the model chain. However, the scaling
picture requires that these parameters vary in proportion
to those of the real chain, namely, N,, a,, and {,. Thus
the two unknowns, the scale factor ¢ and the monomeric
friction coefficient {,, or equivalently g and +, are deter-
mined by G° and 7. Table I shows the original expressions
obtained by Curtiss and Bird for G% and 7, as well as the
alternate version implied by scaling via eq 2.9-2.14, Ad-
ditionally, any dependence on the molecular weight M has
been made explicit by substituting

N=M/m=M/(gm,) (3.3)
where m, is the monomer molecular weight, and
v= pNAvog/M (34)

where v is the number density of polymer molecules in the
melt of mass density p. In section 4 we use the CB model
to obtain numerical values for g and v in polystyrene melts.

We note that aside from its different theoretical ap-
proach, the model of Doi and Edwards? (DE) uses the same
model chain and predicts nearly the same linear viscoe-
lastic behavior as the CB model. Consequently, we can
try to compare the values obtained for g and v in each
model. The reduced relaxation modulus gg(?) in the DE
model is in fact a special case of the CB result, obtained
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by setting the link tension coefficient ¢ equal to zero. Thus
if the shape of the common reduced modulus can be fitted
to a given set of experimental data with ¢ = 0, the scale
factors G% and r required for the adjustment will be the
same for the CB and DE models. The difference between
the numerical values for ¢ and v in the CB and DE models
is due to the differing expressions for G and . Thus the
DE formulas are also given in Table I, from which we see
that the DE blob size will be four times that determined
by the CB model:

goe = 4qce (3.5)

Similarly, values of the frictional constant for the two
models are related by

YoE = 27cB (3.6)

To obtain this result it is necessary to assume that the
observed molecular weight dependence of the relaxation
time 7 is compatible with the fixed form specified by the
DE model:

T« M 3.7)

This particular assumption would set 3 = 0 in the CB
model. However, we remark that caution must be used
when comparing the Doi-Edwards and Curtiss-Bird re-
sults via eq 3.5 and 3.6 since the physical meaning of g and
v is not precisely the same for each model.

Turning now to the shape of the modulus in the CB
model, an equivalent description of the linear viscoelas-
ticity is given by the complex modulus G*(w), obtained
from (G(t) via the transform iw f§dt e?*G(t). In parallel
with eq 3.2 then

G*(w) = GO%gr* (@) (3.8)
with the dimensionless frequency variable
O = wr (3.9)

The reduced complex modulus gg*(@) is discussed exten-
sively in Appendix A, where closed-form expressions for
it are derived, the limiting behavior at low frequencies is
reviewed, and the asymptotic form at high frequencies is
established.

We have computed the complete shape of the real and
imaginary parts of gg*, shown by the dashed curves in
Figures 1 and 2, respecively. Due to the presence of the
link tension coefficient ¢ only in the imaginary part, the
real part gg’ has a single universal curve (see Figure 1),
while gg”” has a sequence of curves varying with ¢ (see
Figure 2). We note that this feature of the CB model is
consistent with the Kramers-Kronig relation between the
real and imaginary parts, because the e-dependent term
in gg” varies linearly with frequency and hence drops out
of the Kramers—Kronig expression.

The dependence of the reduced loss modulus gg”” on the
link tension coefficient merits special attention in view of
our earlier discussion in section 2 of the modified Stokes’
law used in the CB model. There, we found the only value
of e consistent with the blob structure underlying the CB
model chain is € = 0. To look at this result another way,
nonzero values of ¢ imply an artificial rigidity of the model
chain. This conclusion is striking because it demonstrates
that the ¢ dependence of the dynamic viscosity 7'(w) =
G°xgr” (&) /w in the CB model is consistent with the cor-
responding behavior observed in dilute solution theories
when the rigidity of the chain structure is increased. In
these theories one finds!® that for bead—spring models the
viscosity vanishes at high frequencies, while for bead-rod
models the viscosity no longer vanishes. Additionally, it
is found that when rigidity is increased in another way,



1362 Bernard and Noolandi

log &

’
R

log [G'(dyne/cm’)]
log g

2 LA ) ) I ) I L
-2 -1 0 1 2 3 4 5 6

log [wa-,- (sec-‘)} + Constant

Figure 1. Comparison of the Curtiss—Bird model! with exper-
iment for the storage moduli of narrow-distribution, linear, melt
polystyrenes. Dashed curve: the reduced storage modulus gg’(&)
= G'(w)/G® calculated from the CB model (see Appendix A),
where G is the plateau storage modulus and & = wr, 7 being the
characteristic relaxation time of the CB model. Solid curves:
observed storage moduli G{(w) for melt poystyrenes measured by
Onogi et al.,?! ranging in molecular weight from 12000 to 616 000.
The curve sequence (1, 2,..., 12) corresponds to the Onogi sample
labels (L18, L19, L5, L22, 1.15, L27, L37, L16, L34, L14, L.12, L9).
The reference temperature was T = 160 °C. To focus on the shape
of the modulus in the low-frequency terminal zone, the curves
were shifted along the frequency axis until they coincided with
the terminal zone of sample number 10.
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Figure 2. Theoretical form for the loss modulus G"{(w) as com-
puted from the CB model (see Appendix A). The modulus is
reduced to the universal form gg” (&) = G"(w)/ G, where GOy is
the plateau storage modulus and & = wr, 7 being the characteristic
relaxation time of the CB model. The reduced loss modulus is
plotted for values of the link tension coefficient ¢ between 0 and

by replacing flexible chains by stiff chains, the viscosity
is also increased at all frequencies. In the CB model,
exactly similar behavior is observed for nonzero values of
the link tension coefficient because ¢ makes a frequency-
independent contribution €(G°%2/18) to the dynamic
viscosity (see eq A.25). Only when ¢ = 0 does the dynamic
viscosity have a limiting value #’(w — «) which is zero.
Note that the CB form of #’ must be compared with the
intrinsic viscosity [7’] of dilute solution theories, because
in the latter case the polymer molecules augment the
Newtonian viscosity 7, of the background solvent. We also
hasten to point out that at high frequencies this com-
parison is only valid within the context of these models,
because the range of validity of the models is limited to
low and intermediate frequencies. The true reason for the
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Figure 3. Comparison of experimental data with the predictions
of the Curtiss—Bird mode! for the loss moduli G”(w) of linear,
narrow-distribution, melt polystyrenes. Dashed curve: the re-
duced loss modulus gg”/(») in the CB model for the case of zero
link tension coefficient (see Figure 2). Solid curves: loss moduli
G"(w) for the sequence of melt poystyrenes measured by Onogi
et al.?! (see caption to Figure 1).

observed nonzero high-frequency value of the intrinsic
viscosity in dilute solutions remains obscure. It may indeed
be related to the true bond constraints of real chains since
rigidity inhibits the extremities of a molecule from ad-
justing to a velocity gradient and thereby enhances dis-
sipation.!® However, it may also result from excluded
volume effects, from hydrodynamic interaction effects,'®
or, we would add, from excitation of subchain modes.
In the next section we compare these inversal curves
with dynamic measurements for polystyrene melts.

4. Comparison of the Curtiss-Bird Model with
Melt Polystyrene Data

We compare the predictions of the CB model with the
linear viscoelastic data obtained by Onogi et al.?! for
polystyrene melts. These authors measured detailed
storage and loss modulus curves for a set of reasonably
monodisperse polystyrene melts, covering a range of
12000616 000 in the weight-average molecular weight M.
We first examine the degree to which the shape of the
experimental curves is fitted by the theoretical reduced
moduli g’ and gg”, using the fact that the nonreduced
theoretical moduli G’ and G” have the same shape on a
log G-log w plot, shifted vertically and horizontally by log
G% and -log 7. Subsequently, the values of G% and
required to obtain the best alignment are used to deter-
mine the intrinsic properties of polystyrene chains relative
to the CB model, namely, the subchain size ¢ and the
intrinsic friction coefficient v (see section 3 and Table I).

To focus on the shape of the modulus curves, we have
temporarily eliminated the experimental dependence of
the characteristic relaxation time on molecular weight by
horizontally shifting each log G-log w curve until their
terminal zones or low-frequency regions coincide. Since
the slope of each curve in this region is slightly different,
we have actually matched the curves at the frequency for
which the log of the observed moduli is 5, an arbitrary
choice. The unshifted curves are contained in the paper
of Onogi et al. Qur procedure is based on the fact that in
view of the reptation picture, the CB model is intended
to account for the microscopic processes that have the
longest relaxation time scale and hence that determine the
low-frequency end of the dynamic rheological behavior.
Since these processes involve overall motions of the mac-
romolecules, the time scale depends directly on molecular
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weight. The universality of the theoretical curves occurs
because there is a single time scale, ~.

Figures 1 and 3 contain the overlapping experimental
storage and loss moduli G’ and G” as solid lines. The
dashed lines are the moduli predicted by the CB model,
with the loss modulus transferred from Figure 2 for the
special case of zero link tension coefficient. These curves
were obtained from the reduced moduli gg’ and gz”, which
were calculated from the expression for G*(w) provided
by Curtiss and Bird (see Appendix A) and then shifted
vertically and horizontally for alignment with the observed
curves on account of the scale factors G% and 7. For both
storage and loss moduli, we found that the best alignment
of the predicted and measured curves was produced by the
same vertical and horizontal shift.

Aside from complications at the high-frequency end, the
fit to the terminal zone as well as the conversion to a
plateau in G’ and a roll-off in G” is reasonably described
by the theoretical curves with ¢ = 0. If the individual
experimental curves are carefully distinguished it becomes
evident that the knee separating the low-frequency zone
from the intermediate frequency plateau region in G’ and
roll-off region in G softens as the molecular weight de-
creases. By contrast, the CB model predicts a knee that
is always sharper. An initially broader knee might result
from polydispersity, and an increasing breadth could be
due to weakening of the reptational constraint for shorter
chains or merging of the terminal and transition zones.

The transition zone refers to the high-frequency end of
the moduli, where the moduli begin to increase again.
Since this zone is independent of molecular weight, as
shown in the unshifted curves of Onogi et al,, it is asso-
ciated with relaxational processes involving local motions
of the macromolecules. In fact, our blob interpretation of
the substructure of the CB model chain, introduced in
section 2, implies that these motions involve the subchain
structure neglected by the CB model. For the high mo-
lecular weight samples, the individual time scales of these
two regions are well-separated, but as the molecular weight
decreases, they eventually coalesce. It would be chal-
lenging to develop a unified model spanning the terminal
and transition zones.

For the loss modulus curves in Figures 2 and 3, one
might be tempted to select the theoretical curves with
nonzero values of ¢ in order to match the local minima
occurring in the data of Onogi et al. at frequencies above
the knee. However, there are serious problems. That the
minimum is in reality due to the presence of the transition
zone constitutes the foremost objection. As just discussed,
the CB model was only intended to describe the long-time
rheology of melt systems, and it is more than likely that
the transition zone must be understood by considering the
internal structure of the submolecular blobs that comprise
the reptating model chain. Overlooking this argument,
other problems concern the conditions required to fit the
minimum. Since the position and depth of the minimum
in Figure 3 vary with molecular weight, following the
plateau and eventually disappearing for smaller chains, it
would be necessary to make ¢ dependent on the molecular
weight. This serves merely to compensate the molecular
weight dependence contained in the characteristic relax-
ation time of the CB model, because the theoretical loss
curves of Figure 2 are in fact universal curves. It is not
clear how a molecular weight dependence for ¢ could be
justified in the CB model since ¢ appears to be a local
property of the chain. Additionally, the data show no
systematic dependence of the minimum on molecular
weight, and if one attempts to fit the minimum at isolated
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molecular weights, the depth might be matched, or the
width, but never both. One might instead try to fit the
upper frequency transition zone, where the loss modulus
again increases with frequency. Since the position of this
zone is independent of M, in the absence of free volume
effects, this can again only be attempted by having e
systematically increase with M. Also, the theoretical G”
must increase linearly with requency in this region ac-
cording to the asymptotic behavior deduced in eq A.25.
Actually, one finds the increase to be more gradual and
to be accompanied by a similar increase in the storage
modulus. The latter is not predicted at all by the theory,
which indicates the plateau persists at arbitrarily high
frequencies.

Turning now to the scale factors involved in fitting the
Onogi data, from eq 3.8 the vertical shift required to fit
the reduced moduli to the data is log G, and we find it

. to be 6.3 for both the storage and loss modulus curves.

This corresponds to G% = 2 X 108 dyn cm™2 and enables
us to determine the blob size in the model chain. From
Table I this is given in the CB model by

qcg = pRT/5m,G% (4.1)

The polystyrene data were adjusted by Onogi et al. to a
reference temperature of 160 °C. With m, = 104 g/mol
and p = 1.05 g cm™ we then compute

gcs =~ 36 monomers/blob 4.2)

Given the subchain size g, the characteristic relaxation
time 7 determines the intrinsic friction coefficient v (see
section 3 and Table I), provided the molecular weight
dependence is met. By eq 3.9, a direct method of deter-
mining 7 for each molecular weight would be to measure
the horizontal shift, —log 7, required to align the reduced
theoretical curve with each experimental modulus curve.
However, this procedure is subject to uncertainty owing
to the lack of precise coincidence between the measured
curves, as seen in Figures 1 and 3. We prefer to use the
low-frequency behavior of the experimental curves in the
terminal zone since in this region their limiting form is
apparently well established.

The terminal zone at low frequencies is characterized
for the loss modulus curve by the zero-shear rate viscosity

Mo
70 = lim G4w)/w = GO7 lim gg” (@) /&  (4.3)
w0 a—0
and for the storage modulus curve by the elasticity coef-
ficient Ag
Ag = lim Gw)/w? = GO°%7% lim gg'(@) /&%  (4.4)
w0 &0
The second version shown for each expression utilizes the

reduced complex modulus defined in eq 3.8 and 3.9. In
the CB model, eq A.22 and A.23 then give

no = GOx(72/12)[1 + (2/3)¢] (4.5)
and
Ag = G4 /120 (4.6)

Experimental values of 7, and A; were determined by
Onogi et al. for their polystyrene melts using an unspecified
extrapolation method and plotted against molecular
weight. Reading from their curves,?! we find

log 7o = 3.7 log M, — 12.3 4.7)
and
log Ag = 7.5 log M, — 30.3 (4.8)
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where M., is in g/mol. Since experimental measurements
of dynamic moduli enable us to determine G%;, 1o, and 44
independently, both 7 and ¢ can, in principle, be deter-
mined for each molecular weight using eq 4.5 and 4.6.
Unfortunately, the experimental uncertainties are such
that a negative value for ¢ would result, contrary to ex-
pectation in the model of Curtiss and Bird. As discussed
in section 2, we also find on physical grounds that ¢ = 0
seems to be the most plausible value for the link tension
coefficient. Consequently, we set ¢ = 0 and consider 7, and
A individually.

For the theoretical form of the zero-shear viscosity in
eq 4.5 we substitute the expressions for G°% and r listed
in Table I. For the CB model

o = (0Npgog/ 120)M3*om  ~E*A1g=@+8) (4.9)

where M and m,, are in g/mol. The experimental result
of Onogi et al. in eq 4.7 is an example of the widely
quoted?? empirical relation

no = KM® (4.10)

with K = 107123 and the zero-shear rate viscosity exponent
a = 3.7. The molecular weight dependence is easily met
in the CB model because the chain constraint exponent
8 entering eq 4.9 is unspecified. Thus if we compare eq
4.9 and 4.10 and set

B=a-3=07 4.11)

then a combination of ¢ and v will be determined from
viscosity data by

g 0y = K(pN py00/120)1m,2*8 (4.12)

With the above experimental values of K and 8 and the
previously quoted values of m, and p, this gives

gy = 2.66 X 1072 (4.13)

Thus the intrinsic friction coefficient v is determined by
using eq 4.13 and the blob size g ~ 36 determined above
from the plateau modulus. Converting the units of m in
v = {a?/m? from g/mol back to g, we obtain

v =~ 1.57 X 10% cm?/(g-s) (4.14)

We can also determine v from the elasticity data. Using
eq 4.6 and Table I, the predicted form of the elasticity
coefficient is

Ag = (PNAvog/ 2400k T)M2(3+ﬁ)mu—(3+25)q-(3+25)72 (4.15)

When compared with the experimental result eq 4.8, this
gives the analogue of eq 4.13

g @242 = 9,14 X 10756 (4.16)

(We have adjusted the elasticity exponent in eq. 4.8 from
7.5 to 7.4 to maintain 8 = 0.7.) This yields

v =~ 2.97 X 10% cm?/(g-s) (4.17)

which is not identical with eq 4.14. The discrepancy
corresponds to deviation between the theoretical and ex-
perimen;)cal value of the steady-state shear compliance /°,
= Ag/no”.

We can also make an independent estimate of the in-
trinsic friction coefficient ¥ by recognizing that local
properties of the chain should manifest themselves in the
transition zone. We use our blob interpretation of the
substructure of the model chain introduced in section 2,
which implies that transition zone behavior is determined
by chain motions at the subchain level. We also assume
the subchain dynamics is described by the modified Rouse
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Table II
Two Different Determinations of the Intrinsic Friction
Coefficient v (See Eq 2.14) from Linear Viscoelastic Data
of Onogi et al.* on Melt Polystyrene

cm’z/
(g's) method of determination

23 | zero-shear viscosity
10 { elasticity coefficient} CB model
102 { zero-shear viscosity (M < Mc)} modified Rouse
transition zone model

model of Ferry et al.?® and is uncoupled from the repta-
tional motions, which are frozen out at this shorter time
scale. We assert that the applicable portion of the Rouse
model is the intermediate frequency region in which the
moduli are independent of both chain length and subchain
size and obey

G'w) = G"w) = (0N ayog/ 4 (YkTw /)2 (4.18)

Since the slope of the empirical modulus curves of Onogi
et al. is actually slightly steeper than !/, in the transition
zone region, we have estimated v from eq 4.18 by inserting
the values of w at which the observed moduli are 107 dyn
cm™2 The result for the storage modulus is nearly identical
with that for the loss modulus, and the average result is

YRouse = 2.21 X 10% cm?/(g-s) (4.19)

This is to be compared with the result given in eq 4.14,
obtained by fitting the polystyrene data to the model of
Curtiss and Bird in the terminal zone.

Another determination of v in the modified Rouse model
can be obtained® by using the Rouse expression

nO(M)Rouse = (pNAvog'Y/sS)M (4.20)

for the zero-shear viscosity in the nonentangled region M
< M,, where M, is a critical molecular weight given by

M, ~ 10gm, (4.21)

Equation 4.21 follows from eq 4.1 and the relation M, =~
20RT /@GP verified by Onogi et al.2! Since eq 4.20 must
agree with the CB model at the transition to entangled
behavior, we equate eq 4.20 and 4.9 for M = M_ and find

YRouse — 3 X 101+B'YCB (422)

Since vcp has the value given in eq 4.14 or 4.17, 8 = 0.7
gives

YRouse = 2.36 X 10% cm?/(g-s) (4.23)

Table II summarizes the different values obtained for the
intrinsic friction coefficient v (at T = 160 °C) in melt
polystyrene,

5. Conclusion

Guided by dilute solution theory concepts and linear
viscoelastic data on molten polystyrene, we have examined
the physical basis of the recent model for polymer melt
rheology proposed by Curtiss and Bird (CB).

We view the CB bead-rod model chain as a reduced or
thinned-out version of the real chain, in which the rods
are approximations to subchains of monomers, rather than
single monomers. The objective of this or any scaling
picture is to account for the dominant aspects of the mo-
lecular structure. The CB model accounts for chain flex-
ibility and linear-chain geometry and incorporates repta-
tional dynamics, but the constraint of fixed interbead
separation implies a neglect of any effects resulting from
internal degrees of freedom of the subchains. This con-
trasts with the bead-spring chain of the Rouse model.
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Imz

Figure 4. Evaluation of the reduced complex modulus gg*(@),
using the contour integral in eq A.10 and A.16 to reduce infinite
series expressions to closed form. We show the integration contour
C and the location of simple poles in the integrand of eq A.10.

Thinking that effects of subchain structure might be
contained in other aspects of the CB model, we considered
the modified, CB form of Stokes’ law, which is a statement
about the interbead forces of constraint provided by the
subchain structure. We found the only value of the link
tension coefficient consistent with both internal subchain
structure and the model chain bead-rod configuration is
e=0.

Comparing the CB model to linear viscoelastic data, we
find that ¢ = 0 gives a reasonable fit to the shape of the
moduli in the terminal and plateau zones for narrow-dis-
tribution polystyrenes. Our scaling picture of the CB
model chain rewrites the theoretical expressions for the
plateau storage modulus G% and the characteristic re-
laxation time 7 in terms of the reduction factor or subchain
size ¢ and intrinsic properties of the real chain, For
polystyrene, the experimental G°% and 7 imply ¢ ~ 36
monomers per subchain and the intrinsic scalar Stokes’
friction coefficient (at 7' = 160 °C) y =~ 10% cm?/(g-s). The
extraction of v from the scaling picture is important be-
cause being an intrinsic chain property, it must enter other
dynamical properties. In the transition zone, where only
subchain dynamics should be manifested, we applied the
modified Rouse model and found v =~ 10% cm?/(g-s).
Comparison of these independent determinations is in-
teresting, but uncertainty in q affects the CB value of v.
Additionally, a unified model containing reptational and
subchain dynamics is lacking.

The determination of the subchain size q contrasts with
the Rouse model, where the applicable region of the theory
is completely invariant to size of the subchains occurring
in the reduced chain. The fact that the subchain size is
determined by the CB model may be an artifact: in the-
ories of rubber elasticity the plateau storage modulus is
determined by the separation between cross-links; the CB
model generates a similar expression for the plateau
storage modulus but the quantity corresponding to the
molecular weight between entanglements is M, = M,/2 =
5gm, (see eq 4.21). A problem with the CB model is that
the role played by ¢ remains uncertain, especially since
constraint forces represented by entanglements appear to
be absent from the stress tensor expression.

While the CB model presents difficulties in physical
justification, it provides great potential for the study of
polymer melt dynamics. Our study suggests several im-
provements for future extensions of the theory. Our main
hope is that the simplifying scaling picture of the model
chain be used and that interbead forces of constraint be
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eliminated in favor of a Rouse-like bead—spring model, with
the extra condition of reptation. Additionally, the vis-
coelastic, non-Newtonian, many-body character of the
background medium should be recognized if one hopes to
fully understand corrections to the power law dependences
predicted by the original version of the reptation model.
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Appendix A

Here we discuss the mathematical properties of the
linear moduli in the CB model. We define the reduced
modulus gg(£) by factoring out the plateau modulus G%
= yNkT/5 from the CB expression® for the relaxation
modulus G(t) (see eq 3.1 and 3.2) and by scaling time in
terms of the characteristic relaxation time 7 (see Table I).
Thus

gr(®) = 8/7?) 53 (1/n?) exp(-t/%,) + (ex?/9)é(F)
o (A1)

where
tat/r (A.2)
The spectrum {Z,,} of relaxation times, in units of 7, obeys
t,.=1/n%, n=13,.. (A.3)

An equivalent representation of the linear viscoelasticity
is given by the reduced complex modulus gg*(&), obtained
from gg(£) via the transform iwf5dt e This yields

gr*(@) =
8/7?) X ion?/[n*(1 + ian Y] + (ex?/18)ic (A.4)
n=13,.
where the dimensionless frequency variable is
&8 wr (A.5)

We derive a closed-form expression for gg*(®) by using
contour integration. The real part of series in eq A.4 is

S1®) = X &*/[n¥n* + &%) (A.6)

n=13,..
and the imaginary part is
S"M@) = ¥ @/[n*+ 2% (A7)

n=1,3,...
In other words, we have rewritten the reduced complex
modulus as

gr*(®) = (8/7)[S&) + iS&)] + (en?/18)i& (A.8)

To evaluate the real part S{&), we factor out &? and
consider the series

Si@)=8S@/at= X 1/[n¥n*+a?)] (A9)

n=13,..

We compute S;(&) by using the contour integral

1 t 1
II(O.J) = IM dZ
C

A.10
22(z24 + &%) ¢ )
where the contour C is indicated in Figure 4. On the real
axis, the integrand has a simple pole at z = 0 with residue
(!/ym)?/@? and the set of simple poles {...,-3,-1,1,3,...},
denoted by {x,}, with the set of residues {~1/x,%(x;* + &?)}.
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Consequently, the residue theorem implies
1i(@) = 27i[-28,(a) + (fom)?/&?]

The integral is also given in terms of the residues {!/,7 tan
(1/ym2,) /42,5 at the four off-axis simple poles

(A.11)

{24} = [@V/2eim/4, B1/2i7/4 G1/2emiBn/4 g1/2gmin/4) (A.12)
by the closed-form expression
Lo tan (Yrz,)
L@ =-2ni ¥ 2RV g
E=1,2,3,4 42,5
Thus from eq A.11 and A.13 we find
. tan (Yprz,)

Si(@) = (r/16) X2 + 72/8a2 (A.14)

E=1234 2

Similarly, to obtain a closed-form expression for the im-
aginary part §”(@) of the series for gg*, we consider

S(@88"@/a= T 1/ +a)  (Al5)
n=13,..

With the contour integral
Yo tan (Yomz)
—dz
c +a?

tan (Y%wz,)
3

(A.16)
we find

Sy(@) = (7r/16)k >z (A.17)

=1234 2

Using eq A.12, we find that eq A.14 and A.17 imply the
low- and high-frequency behavior

S;(@® — 0) ~ /960 (A.18)
Sy(® — 0) ~ /96 (A.19)
and
Si(@ — =) ~ 72/8@2 (A.20)
Sp(@ = ©) ~ (x/4(21/2)a3/2 (A.21)

Consequently, eq A.8, A.9, A.15, and A.18-A.21 imply that
the real and imaginary parts of the reduced complex mo-
dulus have the limiting behavior

gr' (@ — 0) ~ (r*/120)&? (A.22)
g’ (@ —0) ~ (72/12)[1 + (2/3)e]l®  (A.23)

and the asymptotic property
gr'(@—> =) ~ 1 (A.24)

gr(® — =) ~ (212/m)& V% + (ex?/18)0 (A.25)
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To conclude this appendix, it is instructive to return to
the time domain and consider the relaxation spectrum
H(t). It is related to the relaxation modulus by??

G() = [ Hpt'et” dt (A.26)
0

Consequently, the reduced relaxation spectrum hg(f) =
H(tr)/G% is

he(®) = (8/78) T (1/n%8(F - n) + (ex?/18)5(F)
n=13,...
(A.27)

Thus the ¢ contribution can apparently be associated with
a process having zero relaxation time. For times less than
about 0.17, the spectrum contained in the sum is approx-
imately a continuum, which we compute to be

hR(z)(continuum) = (4/7")21/2, Z <01

The increase in density of relaxational modes toward the
high-frequency end is more than offset by their decreasing
weight. This is responsible for the plateau in the storage
modulus and the &'/2 decay in the loss modulus.

Registry No. Polystyrene, 9003-53-6.

(A.28)
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